The behavior of an electron in an external uniform electromagnetic background coupled to a harmonic potential, with noncommuting space coordinates, is considered in this work. The thermodynamics of the system is studied. Matrix vector coherent states (MVCS) as well as quaternionic vector coherent states (QVCS), satisfying required properties, are also constructed and discussed.
Introduction
In most of the introductory references in the literature devoted to quantum mechanics and quantum field theory, it comes out that the natural appearance of noncommutativity in string theories has increasingly led to attempts to study physical problems in noncommutative spaces [1] - [4] . Although noncommuting coordinates are operators even at the classical level, one can treat them as commuting by replacing operator products by * -products [5] . This approach allows one to generalize classical as well as quantum mechanics without altering their main physical interpretations and to recover the usual results when noncommutativity is switched off. In some recent works, the quantum Hall system has attracted considerable attention from the point of view of noncommutative quantum mechanics and quantum field theory (see e.g. [6] , [7] , [8] , [9] ) as it is probably the simplest physical realization of a noncommutative spatial geometry. Note that a noncommutative model valid for a constant magnetic field, with respect to the geometrical aspect of the problem, has been also investigated. For more details, please see [10] . The description of such a system [11, 12] is adequately provided by the well known Landau model. This latter describes the motion of an electron in a static uniform magnetic field, studied for the first time by Landau [13] , which can be assimilated in 2D to a harmonic oscillator. Since this discovery, the quantum states of a particle in a magnetic and electromagnetic fields on noncommutative plane have been attracting considerable attention, see for instance [7, 8, 14, 15, 16, 17, 18, 19] and more recently [20] (and references listed therein). In [22] , the thermodynamics of an ideal fermion gas in a noncommutative well in two dimensions [21] , has been investigated. The authors have shown that the thermodynamical properties of the fermion gas for the commutative and noncommutative cases agree at low densities, while at high densities they start diverging strongly due to the implied excluded area resulting from the noncommutativity. In [23] the possible occurrence of orbital magnetism for two-dimensional electrons confined by a harmonic potential [24] in various regimes of temperature and magnetic field has been studied. Standard coherent states (CS) have been used for calculating symbols of various involved observables like the thermodynamical potential, the magnetic moment or the spatial distribution of the current. In [14] , an analogous treatment in a noncommutative framework has been achieved and the results of [23] in the commutative case have been recovered by switching off the θ-parameter.
In the noncommutative quantum mechanics formulation, a major role is played by the CS on the quantum Hilbert space denoted by H q (the space of Hilbert Schmidt operators on the classical configuration space denoted by H c ), which are expressed in terms of a projection operator on the usual Glauber-Klauder-Sudarshan CS in the classical configuration space. Based on the approach developed in [25] , Gazeau-Klauder CS have been constructed in the noncommutative quantum mechanics [26] . These states share similar properties to those of ordinary canonical CS in the sense that they saturate the related position uncertainty relation, obey a Poisson distribution and possess a flat geometry.
This work deals with the Landau problem, particularly the study of the electron motion in an external uniform electromagnetic field coupled with a harmonic potential in a two-dimensional noncommutative space. The thermodynamics of this physical system is investigated, not proceeding by the same way as in [22] for an ideal fermion gas, but following rather the method established in [23] by formulating at first CS on the quantum Hilbert space H q . Then, the thermodynamical potential is evaluated, by the use of deduced inequalities, together with the magnetic moment. The vector coherent states (VCS) are derived; they fulfill a resolution of the identity on a suitable Hilbert space which is consistent with the general formulation of [27] . We extend the VCS construction used in [26] to a formal tensor product of quantum Hilbert spaces (using the primary formulation of [28] ), including complex matrices and quaternions as CS variables. The physical features of the quaternionic VCS (QVCS) are discussed.
The paper is organized as follows. In Section 2, we describe the physical model as well as the associated matrix formulation. The Hamiltonian spectrum and its spectral decomposition are provided. The definition of the passage operators from an orthonormal basis to another is also supplied. Section 3 deals with the thermodynamical aspects of the studied model. In Section 4, relevant VCS and QVCS for Landau levels are constructed and discussed. Finally, there follow concluding remarks in Section 5.
2 The electron in noncommutative plane
Quantum model
The physics of an electron in crossed constant uniform electric E and magnetic B fields coupled with a confining harmonic potential in a noncommutative space, is described, in the
x , by the Hamiltonian:
where the position and momentum operatorsX i =X,Ŷ andP i =P X ,P Y , i = 1, 2, satisfy the following commutation relations of the noncommutative Heisenberg algebra [25] :
The position operatorsX i and their corresponding canonically conjugate momentaP i can be combined in the operatorsΠ i =P i − eB 2c ǫ ijXj to yield the relations:
From the latter, define the complex canonically conjugate momenta, denoted byΠ Z corresponding toẐ =X + ıŶ andẐ =X − ıŶ bŷ
respectively, such that the quantum operatorsẐ,Ẑ,Π Z ,ΠZ act on the quantum Hilbert space H q [19, 25] , i.e. the space of Hilbert-Schmidt operators acting on the noncommutative configuration (Hilbert) space H c , defined as:
endowed with the following inner product
where tr c stands for the trace over H c . B(H c ) is the set of bounded operators on H c .
Remark 2.1 For a harmonic oscillator, the two-dimensional noncommutative coordinate algebra is given by
θ refers to as the noncommutativity parameter. The annihilation and creation operators a = 1/ √ 2θ(x+ıŷ), a † = 1/ √ 2θ(x−ıŷ) obey a Heisenberg-Fock algebra [a, a † ] = 1 I c , where 1 I c is the identity operator on the Hilbert space H c , i.e. the noncommutative configuration space which becomes itself a Hilbert space isomorphic to the boson Fock space [25] H c = span{|n , n ∈ N},
As mentioned in [26] , a well defined representation with self-adjoint properties with respect to the quantum Hilbert space H q inner product is provided by the following relationŝ
On the Hilbert space H q , the following commutation relations are satisfied:
For the analysis purpose, defining a diagonal matrix D and adopting the notations
, the Hamiltonian H θ of the physical model can be rewritten in a short form as follows:
The symbol t means the transpose operation. Now introduce the operators 
and reserving the notation ‡ to denote the Hermitian conjugation on the quantum Hilbert space. Then, consider the matrix g with entries
. . , 4, obtained from the commutation relations (9) as follows:
where the normalized eigenvectors (u
′ ) associated with (λ + , −λ + ) and (λ − , −λ − ), respectively, are given by
with
u * j , j = 1, 2, are the vectors with entries which are conjugate of the u j entries; B = 2 Mω 0 1 − M ωc 2 θ and
Then, the Hamiltonian is obtained as
where J 4 is given by
, where the θ-dependent quantitiesΩ andω c are given bỹ
then we can re-express the Hamiltonian H q in terms of positive quantitiesΩ ± as follows:
whereÑ ± = B ‡ ± B ± denote the number operators on the quantum Hilbert space; B ‡ ± , B ± are the corresponding creation and annihilation operators.
Further defining the quantities
which are also θ− dependent functions, the annihilation and creation operators are deduced as
satisfying the commutation relations:
Finally, there result the eigenvalues of the Hamiltonian H q , expressed in the Fock helicity representation |ñ + ,ñ − by
with the corresponding eigenvectors on the quantum Hilbert space given by
where B ‡ − may have an action on the right by B − on |0 0| which stands for the vacuum state on H q and |||ñ + ,ñ − )|| = 1.
The annihilation and creation operators act on the states |ñ + ,ñ − ) = |ñ + ñ − |,ñ ± = 0, 1, 2, . . . , as follows:
Spectral decomposition
Let us consider the dimensionless shifted quantum Hamiltonian
with associated eigenvaluesẼñ
Take {|ñ + ,ñ − ),ñ ± ∈ N} as the orthonormal eigenstate basis associated with the quantum Hamiltonian H q in the helicity Fock algebra representation. With respect to the inner product on H q , we have (ñ + ,ñ − |ñ
. On this basis, the Hamiltonian H dim q admits the following spectral decomposition
Let {|n m| := |n, m), n, m ∈ N} be the orthonormal basis associated with the quantum Hilbert space H q . Introduce the passage operators from {|n, m), n, m ∈ N} to {|ñ + ,ñ − ),ñ ± ∈ N} and vice versa given by
where their expansions are given by
respectively. U, V are obtained as mutually adjoint through the following identities satisfied on H q :
where I q stands for the identity on H q . Then, the Hamiltonian H dim q can be rewritten in a diagonal form as below:
3 Coherent states and thermodynamics of the model
For the Hamiltonian H q with eigenvalues Eñ
e (E 1 x 0 + E 2 y 0 ) , the coherent states denoted by |z ± , τ ) are defined on the quantum Hilbert space H q , as follows:
The parameter τ is introduced such that the states (37) fulfill the Gazeau-Klauder axiom of temporal stability relative to the classical time evolution operator U(τ ) = e −ı[Hq]τ . Indeed, we have the following. 
-Action identity, also called lower symbol of H q ,
-Resolution of the identity
where I q is the identity operator on H q provided by
Proof:
We have from the definition (37) the following relation
where from the definition (37), we have
By taking a state |ψ) on H q , we obtain
such that
In order to provide an equivalence between (40) and (41), let us consider the following relations
where
and
We have
|n m|e
Let
We obtain
which supplies, by performing a radial parametrization, that
Besides,
which implies that
Then,
Thus, (46) becomes for a given operator |ψ)
which completes the proof.
Provided the definition of the upper (or covariant) symbol [23, 14] of an appropriate observable O, given by
the upper symbol of the Hamiltonian H q is furnished by the formulâ
Assume that the term k e,E = − e(E 1 x 0 + E 2 y 0 ) is a mere constant, and set H q = H OSC +ω c 2 L z + k e,E , such that H OSC and L z are given by
ıρϕ , where the polar coordinates (x, y) = (r sin ϕ, r cos ϕ) with 0 < r < ∞ and 0 ≤ ϕ ≤ π are introduced, the stationary Schrödinger equation HΨ = EΨ, where
L z , is detailed as follows:
providing the eigenstates and eigenvalues
respectively. Here the
are Laguerre polynomials; ξ is given by
and n = 0, 1, 2, . . . is the principal quantum number while ρ = 0, ±1, ±2, . . . stands for the angular moment quantum number. As already mentioned in the Introduction, we voluntarily choose to study the thermodynamics of the system faithfully following the analysis performed in [23] . Although some main expressions appear similar in their form to those derived in that work, due to our system parameter reformulation, this approach has the interesting advantage to offer an easier relation comparison and to point up the contribution of the electric field not considered in that work. On this basis, from (62), we derive the thermodynamical potential using the formula:
where β = 1/k B T ; µ is the chemical potential.
The resolution of the identity (40) allows to apply the Berezin-Lieb inequalities [29, 23] :
By using the lower and upper symbols of the Hamiltonian H q , and performing the angular integrations, where
where µ e,E = µ + 1 2
e(E 1 x 0 + E 2 y 0 ).
performing an integration by parts, and introducing the control parametersκ
where φ(κ ′ ) takes the form
The function F s is of the Riemann-Fermi-Dirac type [23] :
In the high-temperature limit case, the assumption |µ e,E ± Ω 2 | ≫ β givesκ ′ ± ≈ 1 so that using (67) and (68) the thermodynamical potential Γ θ can be approximated by
Consider the expression of the function φ as follows [23] :
where in our considered physical model situation
At low temperature, S ± can be approximated by
Considering the following ratio
which tends to zero at low temperature, namely µ e,E ≫ Ω /2 and µ e,E ≫ 1/β, the thermodynamical potential can be obtained as
The average number of electrons is given by
for µ e,E ≫ Ω /2 and µ e,E ≫ 1/β.
The magnetic moment
is derived as follows:
which provides the susceptibility χ θ = ∂M θ ∂B obtained in the following form
In both expressions (80) and (81), the second terms stand for the contributions engendered by the presence of the electric field.
Remark 3.2
In the absence of the electric field, this model is reduced to that described by the Fock-Darwin Hamiltonian investigated in the study of the orbital magnetism of a twodimensional noncommutative confined system [14] . In that work, it has been shown that the degeneracy of Landau levels can be lifted via the θ-term at weak magnetic field limit, i.e. for ω c ≪ ω 0 .
By use of the Poisson summation formula [30] in the sum over n and ρ in (65), we obtain
with the relation µ ≫ T assumed. From the thermodynamical potential Γ θ , the magnetic moment
can be derived to give the following contributions:
Remark 3.3 In the situation where the θ− parameter is switched off, we obtain:
where we getΩ
. The term k e,E = − e(E 1 x 0 + E 2 y 0 ) giving µ e,E contributes to the chemical potential µ. The expressions (83)-(85) are identified for k e,E = 0 with those derived in [24] for the Hamiltonian describing a twodimensional electrons confined by an isotropic harmonic potential in a perpendicular magnetic field, linked to the Landau problem in the commutative case, for which coherent states have been constructed on the Fock Hilbert space [23] . Besides, the analysis done in [22] for an ideal fermion gas may also permit to understand the behavior of the studied physical system.
Matrix vector coherent states for H dim

Construction
Consider the set of continuous mappings F n (Z) :
where M 4 (C) is the space of 4 × 4 complex matrices. Then, there follows that the linear map given by
is bounded. Set
where w 2 , w 3 , w 4 ) , w j = ρ j e ıϕ j where ρ j ≥ 0, ϕ j ∈ [0, 2π) and set R(m) = m!I 4 . With this setup and by analogy with the constructions provided in [27, 28, 26] , the set of vectors formally given by
forms a set of VCS on C 4 ⊗ H q ⊗ H q . These states satisfy a normalization condition to unity given by
with 
Proposition 4.1 The VCS (103) satisfy on the quantum Hilbert space C 4 ⊗ H q ⊗ H q a resolution of the identity as follows:
where the measure dµ(Z, W) is given on D × D by
Proof:
In order to prove (106), let us first expand the integrand as
call I the operator on the left hand side of (106) and choose arbitrary vectors Ψ, Ψ ′ , Φ, Φ ′ on the Hilbert space H q ⊗ H q . Then, using (108), we have
The use of the boundedness of the operator T and of the fact that 4 j=1 |χ j χ j | = I 4 allows to interchange the sum over j with the integral and the four sums over n, n ′ and m, m ′ , respectively. Thus,
(Ψ|diag(2π
where the moment problems are solved by W (r j ) = (1/2π)λ(r j ),W (ρ j ) = (1/2π)̟(ρ j ) with λ(r j ) = 2e 
ii-Action identity 
A connection with the Weyl-Heisenberg group is realized by considering the unitary operators given by
such that |q, Q, τ, j,ñ,m) = e −(r 2 +ρ 2 )/2
where the operators a R and d L act on a given state |ñ m| ⊗ |m n| as follows:
a R |ñ m| ⊗ |m n| := |ñ m| ⊗ |m n|a = √ n + 1|ñ m| ⊗ |m n + 1|, d L |ñ m| ⊗ |m n| := |ñ m| ⊗ d|m n| = √ m|ñ m| ⊗ |m − 1 n|.
QVCS statistical properties
Let us consider the operators given on C 4 ⊗ H q ⊗ H q bŷ
From (122), we obtain [a R − a † R , |ñ m| ⊗ |m n|] = √ n + 1|ñ m| ⊗ |m n + 1| − √ n|ñ m| ⊗ |m n|.
Denote the expectation value of an operator by · = ∞ n,m=0 (q, Q, j,ñ,m| · |q, Q, j,ñ,m). We get the following expressions: 
Concluding remarks
A matrix formulation of a Hamiltonian describing the motion of an electron in an electromagnetic field with a confining harmonic potential in a two-dimensional noncommutative space has been provided in this work. Relevant thermodynamical and statistical properties of the physical system have been studied and discussed. In this analysis, some θ− modified quantities have been obtained. In the limit θ → 0, these quantities can be identified with those derived in the commutative context related to the standard Landau problem. Then, the MVCS have been constructed and analyzed with respect to required properties. Finally, the QVCS as well as their connection with the VCS and their statistical properties have been investigated and discussed.
